Abstract. Let ρ : G → GL(V ) be a rational representation of a reductive linear algebraic group G defined over C on a finite dimensional complex vector space V . We show that, for any generic smooth (resp. C M ) curve c : R → V / /G in the categorical quotient V / /G (viewed as affine variety in some C n ) and for any t 0 ∈ R, there exists a positive integer N such that t → c(t 0 ± (t − t 0 ) N ) allows a smooth (resp. C M ) lift to the representation space near t 0 . (C M denotes the Denjoy-Carleman class associated with M = (M k ), which is always assumed to be logarithmically convex and derivation closed).
Introduction
Let G be a reductive linear algebraic group defined over C and let ρ : G → GL(V ) be a rational representation on a finite dimensional complex vector space V . The algebra C [V ] G of invariant polynomials is finitely generated. Choose generators σ 1 , . . . , σ n , and consider the mapping σ = (σ 1 , . . . , σ n ) : V → C n . We may identify σ : V → σ(V ) with the morphism π : V → V / /G, where V / /G is the categorical quotient and π is defined by the embedding
The mapping σ induces a bijection between σ(V ) and the closed orbits in V .
Let c : R → V / /G = σ(V ) ⊆ C n be a smooth curve, i.e., smooth as curve in C n . A curvec : R → V is called lift of c to V , if c = σ •c and if the orbit G.c(t) is closed for each t. It is natural to ask whether c admits liftsc which are regular (of some kind). This question is independent of the choice of generators of C [V ] G , as any two of them differ just by a polynomial diffeomorphism.
Suppose that G = S n is acting on V = C n by permuting the coordinates. The elementary symmetric functions σ j (z) = i1<···<ij z i1 · · · z ij , for 1 ≤ j ≤ n, generate C[C n ] Sn . By Vieta's formulas, a curve in C n / / S n = σ(C n ) = C n can be interpreted as a curve of monic univariate polynomials P (t)(z) = z n + n j=1 (−1) j a j (t)z n−j , and, in this picture, a lift over σ represents a parameterization of the roots of P . This special case is studied in [9] (see also references therein). It is proved that a generic smooth curve of polynomials P admits a locally absolutely continuous parameterization of its roots. Actually, any continuous choice of roots (which always exists) is locally absolutely continuous. By generic we mean that no two of the continuously chosen roots meet of infinite order of flatness. Simple examples show that one cannot expect more than absolute continuity. This result follows from the proposition that for any t 0 there exists a positive integer N such that t → P (t 0 ± (t − t 0 ) N ) admits smooth parameterizations of its roots near t 0 . The main result of the present paper (theorem 3.3) is a generalization of this Puiseux type theorem to the framework of representations ρ : G → GL(V ). We show that, for any generic smooth (resp. C M ) curve c : R → V / /G = σ(V ) ⊆ C n and for any t 0 ∈ R, there exists an integer N such that t → c(t 0 ± (t − t 0 ) N ) allows a smooth (resp. C M ) lift to V (where C M denotes the Denjoy-Carleman class associated to M = (M k ), cf. 2.6). Similarly, for any holomorphic c : C → V / /G and any z 0 ∈ C, there exists an integer N such that z → c(z 0 + (z − z 0 ) N ) allows a holomorphic lift. The genericity condition for c is normal nonflatness 2.5 which, roughly speaking, means that c does not meet lower dimensional isotropy type strata of V / /G with infinite order of flatness. It is automatically satisfied if c belongs to any quasianalytic class C M . In section 4 we show a global formulation of theorem 3.3.
As a first consequence of the main result we prove in section 5 that any generic smooth curve c : R → V / /G = σ(V ) ⊆ C n admits a locally absolutely continuous lift. If G is finite, then any continuous lift of c is locally absolutely continuous. In general we cannot expect a better regularity than absolute continuity. However, it is an open question whether non-generic smooth curves c have locally absolutely continuous lifts.
In section 6 we characterize, for finite G, those curves in V / /G which admit differentiable lifts to V . Roughly speaking, curves must meet lower dimensional isotropy type strata of V / /G with sufficient order of flatness.
We show in section 7 that, for finite G, any germ of C ∞ curve which represents a lift of a germ of quasianalytic C M curve in V / /G is actually C M . In section 8 we give applications to polar representations.
Preliminaries

2.1.
The setting: Representations of reductive algebraic groups. Cf. [14] . Let G be a reductive linear algebraic group defined over C and let ρ : G → GL(V ) be a rational representation on a finite dimensional complex vector space V . It is well-known that the algebra C[V ]
G of G-invariant polynomials on V is finitely generated. We may consider the categorical quotient V / /G, i.e., the affine algebraic variety with coordinate ring C[V ]
G , and the morphism π :
G with positive degrees d 1 , . . . , d n . Then we can identify π with the mapping σ = (σ 1 , . . . σ n ) : V → σ(V ) ⊆ C n and V / /G with σ(V ) (which we shall do consistently). Each fiber of σ contains exactly one closed orbit. If v ∈ V and the orbit G.v is closed, then the isotropy group G v = {g ∈ G : g.v = v} is reductive.
2.2.
Luna's slice theorem. We state a version [10] of Luna's slice theorem [7] . Recall that U is a G-saturated subset of V if π −1 (π(U )) = U and that a map between smooth complex algebraic varieties isétale if its differential is everywhere an isomorphism.
Theorem. ( [7] , [10, 5.3] 
There is an affine open
areétale, whereφ is the map induced by ϕ. Moreover, ϕ and the natural mapping
Corollary. ( [7] , [10, 5.4 
2.3. Luna's stratification. Cf. [7] , [10] , and [14] . Let v ∈ V and let G v be the isotropy group of G at v. Denote by (G v ) its conjugacy class in G, also called an isotropy class. If (L) is a conjugacy class of subgroups of G, let (V / /G) (L) denote the set of points in V / /G corresponding to closed orbits with isotropy group in (L), and put
} is a finite stratification of V / /G into locally closed irreducible smooth algebraic subvarieties. The isotropy classes are partially ordered,
There exists a unique minimal isotropy class (H) corresponding to a closed orbit, the principal isotropy class. Closed orbits G.v with 
n be a smooth curve, t ∈ I, and s = s(c, t) a minimal integer such that, for a neighborhood J of t in I, we have c(J) ⊆ A s . The curve c is called normally nonflat at t, if there is an f ∈ I s such that f • c is nonflat at t, i.e., the Taylor series of f • c at t is not identically zero. We say that c is normally nonflat, if c is normally nonflat at each t.
Normal nonflatness is a condition which depends on the representation ρ. We shall also deal with a condition which guarantees normal nonflatness, but is independent of ρ. That condition is that c : I → V / /G = σ(V ) ⊆ C n belongs to a quasianalytic Denjoy-Carleman class (cf. 2.6).
2.6. Denjoy-Carleman classes. See [13] or [6] and references therein. Let U ⊆ R q be open. Let M = (M k ) k∈N be a non-decreasing sequence of real numbers with M 0 = 1. Denote by C M (U ) the set of all f ∈ C ∞ (U ) such that for every compact K ⊆ U there are constants C, ρ > 0 with
Note that definition (2.6.1) makes sense also for mappings U → R p . Then (2.6.2) guarantees stability under composition and taking the inverse (i.e., the inverse function theorem holds in C M ). We shall also require that C M is stable under derivation, which is equivalent to
By the standard integral formula, stability under derivation implies that
is injective for any a ∈ U . Suppose that M is logarithmically convex. Then, by the Denjoy-Carleman theorem, C M is quasianalytic if and only if (2.6.4)
Definition. By a DC-weight sequence we mean a non-decreasing sequence M = (M k ) k∈N of positive numbers with M 0 = 1 which satisfies (2.6.2) and (2.6.3). We say that a DC-weight sequence M is quasianalytic if (2.6.4) is fulfilled.
From now on M will always denote a DC-weight sequence. Let U ⊆ R q be open and let f : U → C be a complex valued function. Then
Then f ′ = g almost everywhere. Every Lipschitz function is absolutely continuous. Gluing finitely many absolutely continuous functions provides an absolutely continuous function: Let
. Similarly for more than two functions.
Let ϕ : I → I be bijective, strictly monotone, and Lipschitz continuous. If f ∈ AC(I) then also f • ϕ ∈ AC(I). Furthermore (cf. [9, Lemma 2.5]):
t, is smooth and bijective, so
and so
A curve c = (c 1 , . . . , c n ) : I → C n is absolutely continuous, or c ∈ AC(I, C n ), if each coordinate function c i ∈ AC(I). Since absolute continuity is invariant under linear coordinate changes, we may consider absolutely continuous curves c ∈ AC(I, V ) in vector spaces V .
3. An analog of Puiseux's theorem 3.1. Removing fixed points. Let V G be the subspace of G-invariant vectors, and let
The following lemma is obvious.
3.2. Multiplicity. For a continuous real or complex valued function f defined near 0 in R, let the multiplicity (or order of flatness) m(f ) at 0 be the supremum of all integers p such that f (t) = t p g(t) near 0 for a continuous function g. Note that, if f is of class C n and m(f ) < n, then f (t) = t m(f ) g(t) near 0, where now g is C n−m(f ) and g(0) = 0. Similarly, one can define the multiplicity of a function at any t ∈ R.
Theorem. Assume that M is a DC-weight sequence. Let I ⊆ R be an open interval and let
Note that c is automatically normally nonflat at t 0 if M is quasianalytic. Proof. We may assume without loss that t 0 = 0. Let v ∈ σ −1 (c(0)) such that G.v is a closed orbit. We show that there exists a positive integer N such that t → c(±t N ) has a smooth (resp. C M ) local liftc ± withc ± (0) = v. Let us use the following: 
Then m is well-defined and finite, since c is normally nonflat at 0. Let d be the minimal integer such that dm ≥ 1. Then, the multiplicity of
Hence, near 0, we have c k (±t
, where c
for all k. Consider the smooth (resp. C M ) curve
which lies in V / /G = σ(V ), by the homogeneity of the generators σ k . It is easy to see that c
, and, thus, (1), (2) , and (3) either provides a required lift or reduces the lifting problem to a 'smaller' space or group. Since m (1) is of the form p/d k , for some 1 ≤ k ≤ n and p ∈ N, and by (3.3.1), also step (4) is visited only finitely many times. So the algorithm stops and it provides a positive integer N and a smooth (resp. C M ) liftc ± of t → c(±t N ) near 0 withc
Carrying out the obvious modifications in the proof of theorem 3.3 we obtain: 
3.5.
Remark. Note that theorem 3.4 is a generalization of Puiseux's theorem [8] (see also [2] for a modern account).
Smooth lifts
4.1. Exceptional points. Let I ⊆ R be an interval. For a curve c : I → V / /G = σ(V ) ⊆ C n let E(c) denote the set of exceptional points, i.e., the set of all t ∈ I such that f (c(t)) = 0 for all f ∈ I s (where s = s(c, t) is defined in 2.5).
Lemma. If c is normally nonflat, then E(c) is discrete.
Proof. Let t ∈ E(c). Let s be minimal such that c(J) ⊆ A s for a neighborhood J of t. By assumption, there exists a f ∈ I s such that f • c is nonflat at t. Since t ∈ E(c), we have f (c(t)) = 0. The mean value theorem implies that t is an isolated zero of f • c (see e.g. [9, Lemma 3.2] for details). So t is isolated in E(c).
n be a smooth (resp. C M ) curve which is normally nonflat at t 0 ∈ I. Supposec 1 ,c 2 : J → V are smooth (resp. C M ) lifts of c on an open subinterval J ⊆ I containing t 0 . Then there exists a smooth (resp. C M ) curve g in G defined near t 0 such thatc 1 (t) = g(t).c 2 (t) for all t near t 0 .
Proof. The proof is essentially the same as in [1, 3.8] .
Without loss 0 ∈ I, t 0 = 0, andc 1 (0) =c 2 (0) =: v. Consider the projection p : G.S v ∼ = G × Gv S v → G/G v of the fiber bundle associated to the principal bundle G → G/G v . Then, for t near 0, p •c 1 and p •c 2 admit smooth (resp. C M lifts) g 1 and g 2 to G with g 1 (0) = g 2 (0) = e, and t → g If we find g(t) ∈ G taking t −rc 1 (t) to t −rc 2 (t), then we also havec 1 (t) = g(t).c 2 (t). Since c (r) (0) = 0, we are done by induction. Proof. The algorithm in 3.3 shows that c admits smooth (resp. C M ) lifts near each t ∈ E(c).
Let J be fixed. By lemma 4.1, the set E(c) ∩ J is finite; let t 1 < t 2 < . . . < t m denote its elements. Let Repeating this process m times, we obtain a family of curves of the required form each of which admits local smooth (resp. C M ) lifts near any point in its domain. The local lifts can be glued to a global lift, using lemma 4. Let one subinterval J be fixed. Since V G = {0}, for all v ∈ V \ {0} we have G v = G. By induction hypothesis and by 2.2, we find local continuous lifts of c near any t ∈ J and through all v ∈ σ −1 (c(t)). Supposec 1 : J ⊇ J 1 → V \ {0} is a local continuous lift of c with maximal domain J 1 , where, say, the right endpoint t 1 of J 1 lies in J. Then there exists a local continuous liftc 2 of c near t 1 , and there is a t 0 < t 1 such that bothc 1 andc 2 are defined near t 0 . Since σ(c 1 (t 0 )) = σ(c 2 (t 0 )), there must exist a g ∈ G such thatc 1 (t 0 ) = g.c 2 (t 0 ). But thenc 12 (t) :=c 1 (t) for t ≤ t 0 andc 12 (t) := g.c 2 (t) for t ≥ t 0 is a continuous lift of c defined on a larger interval than J 1 . We can conclude that there exist continuous lifts of c on J.
Letc be a continuous lift of c on I \c −1 (0) and extend it to I, by puttingc(t) := 0 for t ∈ c −1 (0). It remains to show thatc is continuous on c −1 (0). Let t 0 ∈ c −1 (0) and I ∋ t n → t 0 . Since G is finite, each neighborhood of 0 contains a G-invariant neighborhood of 0. So σ(c(t n )) = c(t n ) → c(t 0 ) = 0 impliesc(t n ) → 0.
5.2.
Remark. We do not know whether paths are continuously liftable in general (but consider theorem 5.4). The proof in 5.1 does not work, since in general we cannot expect that each neighborhood of 0 contains a G-invariant neighborhood of 0. This is shown by the following example:
G is generated by σ(x, y) = xy and V / /G ∼ = C. For each z ∈ C * the fiber σ −1 (z) represents a principal orbit. The fiber σ −1 (0) consists of three orbits: the closed orbit {0}, G. Proof. Letc andc be continuous lifts of c, and suppose thatc is Lipschitz on I. Let t < s be in I. There is a g 0 ∈ G such thatc(t) = g 0 .c(t). Now let t 1 be the maximum of all r ∈ [t, s] such thatc(r) = g 0 .c(r). If t 1 < s thenc(t 1 ) = g 1 .c(t 1 ) for some g 1 ∈ G \ {g 0 }. (Namely: For r n ց t 1 we havec(r n ) = g n .c(r n ) with g n ∈ G \ {g 0 }. By passing to a subsequence,c(r n ) = g 1 .c(r n ) with g 1 ∈ G \ {g 0 }, hence the assertion.) Let t 2 be the maximum of all r ∈ [t 1 , s] such thatc(r) = g 1 .c(r). If t 2 < s thenc(t 2 ) = g 2 .c(t 2 ) for some g 2 ∈ G \ {g 0 , g 1 }. And so on until s = t k for some k ≤ |G|. Then we have (where t 0 = t)
where C is the Lipschitz constant ofc and M G denotes the maximum of the operator norms of the linear transformations g ∈ G.
5. Proof.
(1) First we show: For each t 0 ∈ I, there exist a neighborhood J ⊆ I of t 0 and a liftc ∈ AC(J, V ) of c on J. Without restriction we may assume that 0 ∈ I and t 0 = 0. By theorem 3.3, there is a positive integer N and a neighborhood J N of 0 such that t → c(±t N ) allows a smooth liftc ± on J N such thatc
We may assume that J is compact (by shrinking J N if necessary). Let J ≥0 = {t ∈ J : t ≥ 0} and J ≤0 = {t ∈ J : t ≤ 0}. We definē
Thenc is a lift of c on J andc ∈ AC(J, V ), by lemma 2.7. We can glue the local absolutely continuous lifts of c: Assume thatc 1 andc 2 are local lifts of c with domains of definition which have a common point t 1 and none of them is a subset of the other. Since both G.c 1 (t 1 ) and G.c 2 (t 1 ) are closed, we have G.c 1 (t 1 ) = G.c 2 (t 1 ). Hence we can makec 1 andc 2 fit at t 1 by applying to one of them a fixed transformation of G. Eventually, we obtain a global continuous lift c : I → V of c which is absolutely continuous on each compact subinterval of I.
(2) Assume that G is finite and letc be a continuous lift of c. We show that each t 0 ∈ I has a neighborhood J such thatc ∈ AC(J, V ). Without restriction assume that t 0 = 0. By theorem 3.3, we find a positive integer N and a neighborhood J N of 0 such that t → c(±t N ) allows a smooth liftc ± on J N . Another continuous lift is provided by t →c(±t N ). By lemma 5.3, the lift t →c(±t N ) is actually Lipschitz, thus, absolutely continuous. Using lemma 2.7, we can conclude in a similar way as in (1) thatc ∈ AC(J, V ). This completes the proof. 5.5. Remark. The conclusion in theorem 5.4 is best possible. In general there is no lift with first derivative in L p loc for any 1 < p ≤ ∞. A counter example is the curve of polynomials
which is a curve in C n / / S n = C n . If n ≥ (
The continuous curve c (1) (t) := (t −d1 c 1 (t), . . . , t −dn c n (t)) admits a continuous liftc (1) (by theorem 5.1). Then t → tc (1) (t) is a continuous lift of t → c(t), and (2) follows from the homogeneity of f .
(2) ⇒ (1) Since J 1 is generated by homogeneous elements, (2) implies c(0) = 0. So there exist positive integers m k and continuous c m,
For t ≥ 0, consider
which is a continuous curve in V / /G = σ(V ), and hence has a continuous liftc (m) (by theorem 5.1). Then t → t mc (m) (t) is a continuous lift of t → c(t). Let f ∈ J 1 be homogeneous. By (2) ,
So c (m) (0) = 0 (by the same arguments as above). But that is a contradiction for those k with m(c k ) = m k = d k m.
G is a defining ideal ofĀ s . Let I ⊆ R be an open interval. Let c : I → V / /G = σ(V ) ⊆ C n be continuous and letc : I → V be a continuous lift of c. Let t ∈ I and let r = r(c, t) be the minimal integer such that c(t) ∈ A r . The liftc is called 1-flat at t if the multiplicity of f •c at t is ≥ deg f for all homogeneous f ∈ J r+1 .
Assume that 0 ∈ I and c : (c (1),1 (t) , . . . , c (1),m (t)) is a continuous curve in τ (N v ) which allows a continuous liftc (1) . It follows thatc(t) := tc (1) is a continuous lift of c near 0 which is differentiable at 0. 6.4. Differentiable lifts. We say that c is 1-flat at 0 if one of the equivalent conditions in lemma 6.3 is satisfied. Similarly for any t ∈ I. The curve c is called 1-flat, if it is 1-flat at each t. There is nothing to prove if G is trivial. So let us assume that the statement of the theorem holds for representations of proper subgroups of G.
We may suppose that V G = {0}. Consider the set F := c −1 (0). Then F is closed and its complement I \ F is an countable union of open subintervals whose boundary points lie in F .
Let J denote one such interval. We claim that there exists a differentiable lift c of c on J. For each t 0 ∈ J and each v ∈ σ −1 (c(t 0 )), we have |G v | < |G|, since V G = {0}. By induction hypothesis and 2.2, we find differentiable lifts of c, locally near any t 0 ∈ J. Letc be a differentiable lift of c defined on a maximal subinterval J ′ ⊆ J. Suppose for contradiction that the right (say) endpoint t 1 of J ′ belongs to J. Then there exists a differentiable liftc of c, locally near t 1 , and there is a t 0 < t 1 such that bothc andc are defined near t 0 . Let (t m ) be a sequence with t m → t 0 . For each m there exists a g m ∈ G such thatc(t m ) = g m .c(t m ). By passing to a subsequence (again denoted by (t m )) we obtainc(t m ) = g.c(t m ) for a fixed g and for all m. Thenc(t 0 ) = lim tm→t0c (t m ) = g.(lim tm→t0c (t m )) = g.c(t 0 ) and Hence, we can extend the liftc by g.c for t ≥ t 0 beyond t 1 . This contradicts maximality. Let us extendc to the closure of J, by setting it 0 at the endpoints of J. Let t 0 denote the right (say) endpoint of J. By lemma 6.3, there exists a local continuous liftc of c near t 0 which is differentiable at t 0 . Let (t m ) be a sequence with t m ր t 0 . By passing to a subsequence, we may assume thatc(t m ) = g.c(t m ) for a fixed g ∈ G and for all m. It follows that the set of accumulation points ofc(t)/(t − t 0 ), as t ր t 0 , lies in the G-orbit throughc ′ (t 0 ). Since this orbit is finite, lemma 6.5 below implies that the limit lim tրt0c (t)/(t − t 0 ) exists. Thus the one-sided derivative ofc at t 0 exists.
For isolated points in F we can apply a fixed transformation from G to one of the neighboring differentiable lifts in order to glue them differentiably (by the arguments in the previous paragraph). So we have found a differentiable liftc of c
